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Gravitational lensing by stable C-field
wormhole
F.Rahaman∗, M.Kalam‡ and S.Chakraborty†
Abstract
It has been recently shown that Hoyle-Narlikar’s C-field theory admits wormhole
geometry. We derive the deflection angle of light rays caused by C-field wormhole
in the strong field limit approach of gravitational lensing theory. The linearized
stability of C-field wormhole under spherically symmetric perturbations about static
equilibrium is also explored.
Introduction:
Wormholes are classical or quantum solutions for the gravitational field equations describ-
ing a bridge between two asymptotic manifolds. Classically, they can be interpreted as
instantons describing a tunneling between two distant regions. In a pioneer work, Morris
and Thorne [1] have shown that the construction of wormhole would require a very un-
usual form of stress energy tensor. The matter that characterized the above stress energy
tensor is known as exotic matter. This exotic i.e. hypothetical matter can be of the
following form either energy density of matter ρ < 0 or ρ > 0 but pressure p < 0. Till
now, we do not know where and how the exotic matter could be collected. So, Scientists
have assumed several alternative sources such as Phantom energy [2-6], Chaplygin gas[7],
Tachyon field [8], Casimir field [9] etc for exotic matter source. Also, some authors have
used alternative theories to obtain wormhole geometry [10-19]. Long ago, since 1966,
Hoyle and Narlikar [HN] proposed an alternative theory of gravity known as C-field the-
ory [20]. HN adopted a field theoretic approach introducing a massless and chargeless
scalar field C in the Einstein-Hilbert action to account for the matter creation.
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A C-field generated by a certain source equation, leads to interesting change in the cos-
mological solution of Einstein field equations. Several authors, have studied cosmological
models and topological defects in presence of C-field [20].
Recently, Rahaman et al [21] have pointed out that a spherically symmetric vacuum
solutions to the C-field theory give rise to a wormhole. One of the most important
applications of general relativity is the deflection of light by a gravitating body. This
deflection of light by a gravitational field is known as gravitational lens. In recent time,
gravitational lensing from a strong field perspective is a very active area of research. A
few years back, Virbhadra et al [22] had discovered an analytic method to calculate the
deflection for any spherically symmetric space time in the strong field limit. Cramer et al
[23] have discussed wormhole lensing in the weak field. Recently, Tejeirio [24] and Nandi et
al [25] have studied gravitational lensing by traversable wormhole in the strong field limit.
By using the method in Ref.[22], we calculate the lensing effect of the C-field wormhole. A
comparison of the deflection angle has been made between the C-field wormhole solution
with Schwarzschild solution. Now it will be interesting to investigate the stability of this
C-field wormhole. To test stability, we match the interior C-field wormhole geometry
with an exterior Schwarzschild vacuum solution at a junction interface. Assuming thin
shell Schwarzschild wormhole and using cut and paste technique[26-32], we analyze the
stability of this wormhole to linearized spherically symmetric perturbations around static
equilibrium solutions.
2. C-field wormhole:
The modified Einstein equations due to HN through the introduction of an external C -
field are
Rab − 1
2
gabR = −8piG[T ab − fCaCb + 1
2
fgabC iCi] (1)
where C, a scalar field representing creation of matter, xi , i = 0,1,2,3 stand for the
space-time coordinates with
Ci =
∂C
∂xi
(2)
and Tab is the matter tensor and f > 0.
Let us consider the static spherically symmetric metric as
ds2 = −eνdt2 + eµdr2 + r2(dθ2 + sin2θdφ2) (3)
The independent field equations for the metric (3) are
e−µ[
1
r2
− µ
′
r
]− 1
r2
= 4piGfe−µ(C ′)2 (4)
e−µ[
1
r2
+
ν ′
r
]− 1
r2
= −4piGfe−µ(C ′)2 (5)
2
e−µ[
1
2
(ν ′)2 + ν ′′ − 1
2
µ′ν ′ +
1
r
(ν ′ − µ′)] = 8piGfe−µ(C ′)2 (6)
The solutions are given by [21]
eν = constant (7)
e−µ = 1− D
r2
(8)
C =
1√
(4piGf)
sec−1
r√
(D)
+ C0 (9)
where D and C0 are integration constants.
Thus the metric (3) can be written in Morris-Thorne cannonical form as
ds2 = −eνdt2 + dr
2
[1− b(r)
r
]
+ r2(dθ2 + sin2θdφ2) (10)
Here, b(r) = D
r
is called shape function and eν = redshift function = constant .
The throat of the wormhole occurs at r = r0 =
√
D > 0. One can note that since now
r ≥ r0 > 0, there is no horizon.
3. Gravitational Lensing:
Now, we match the interior wormhole solution to the exterior Schwarzschild solution (
in the absence of C-field ). To match the interior to the exterior, we impose only the
continuity of the metric coefficients, gµν , across a surface, S , i.e. gµν (int)|S = gµν (ext)|S.
[ This condition is not sufficient to different space times. However, for space times with
a good deal of symmetry ( here, spherical symmetry ), one can use directly the field
equations to match [33-34] ]
The wormhole metric is continuous from the throat, r = r0 to a finite distance r = a.
Now we impose the continuity of gtt and grr,
gtt(int)|S = gtt(ext)|S
grr(int)|S = grr(ext)|S
at r = a [ i.e. on the surface S ] since gθθ and gφφ are already continuous.
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The continuity of the metric then gives generally
eν int(a) = e
ν
ext(a) and e
µ
int(a) = e
µ
ext(a).
Hence one can find
eν = (1− 2GM
a
) (11)
and 1− b(a)
a
= (1− 2GM
a
) i.e. b(a) = 2GM
This implies D
a
= 2GM
Hence,
a =
D
2GM
(12)
i.e. matching occurs at a = D
2GM
.
The interior metric r0 < r ≤ a is given by
ds2 = −[1 − D
a2
]dt2 +
dr2
[1− D
r2
]
+ r2(dθ2 + sin2θdφ2) (13)
The exterior metric a ≤ r <∞ is given by
ds2 = −[1 − D
ar
]dt2 +
dr2
[1− D
ar
]
+ r2(dθ2 + sin2θdφ2) (14)
Since wormhole is not a black hole, so we have to impose the condition a > 2GM and
mass of the wormhole is given by M = D
2Ga
.
One can note that the geometry of equation(13) is same as the Ellis wormhole geometry
[35].
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We see that the metric coefficients continuous at the junction i.e. at S. However, the metric
need not be differentiable at the junction and the affine connection may be discontinuous
there. This statement may be quantified in terms of second fundamental form of the
boundary.
The second fundamental forms associated with the two sides of the shell are [26-32]
K±ij = −n±ν [
∂2Xν
∂ξi∂ξj
+ Γναβ
∂Xα
∂ξi
∂Xβ
∂ξj
]|S (15)
where n±ν are the unit normals to S,
n±ν = ±|gαβ
∂f
∂Xα
∂f
∂Xβ
|− 12 ∂f
∂Xν
(16)
with nµnµ = 1.
[ ξi are the intrinsic coordinates on the shell with f = 0 is the parametric equation of the
shell S and − and + corresponds to interior ( Wormhole ) and exterior ( Schwarzschild
)]. Since the shell is infinitesimally thin in the radial direction there is no radial pressure.
Using Lanczos equations [26-32], one can find the surface energy term σ and surface
tangential pressures pθ = pφ = p as
σ = − 1
4pia
[
√
e−µ]+−
p = 1
8pia
[(1 + aν
′
2
)
√
e−µ]+−
The metric functions are continuous on S, then one finds σ = 0. As ν ′− = 0 , one gets,
p = 1
8pia
GM
a√
1−GM
a
.
Hence one can match interior wormhole solution with an exterior Schwarzschild solution
in the presence of a thin shell. The total metric of the whole spacetimes is given by the
equations (13) and (14) which are joined smoothly.
Now we use the following analytical method for strong field limit gravitational lensing
[22]. Consider a light ray from a source(S) is deflected by the lens (L) of mass M and
reaches an observer(O). The background space time is taken asymptotically flat, both the
source and the observer are placed in the flat space time. The line joining the lens and
the observer(OL) is taken as the optic axis for this configuration.
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The position of the source and the image are reflected through the so called lens equation
[22]
tan θ − tan β = d[tan θ + tan(α− θ)] (17)
where α is the deflection angle, d = dLS
dOS
and β, θ are the angular position of the source
and the image with respect to the optic axis. dLS and dOS distances between observer and
source and lens and source. For a general static and spherically symmetric space time of
the form
ds2 = −A(x)dt2 +B(x)dx2 + C(x)(dθ2 + sin2θdφ2) ,
the deflection angle is given by as function of the closest approach x0 =
r0
2M
by α(x0) =
I(x0)− pi
where
I(x0) =
∫ ∞
x0
2
√
B(x)dx√
C(x)
√
C(x)A(x0)
C(x0)A(x)
− 1
(18)
Now according to Ref.[22], one has to expand the integral in I(x0) around the photon
sphere to obtain α(x0) and then, using the lens equation, one can obtain the position of
the produced images. For x0 ≥ a i.e. closest approach outside the wormhole’s mouth,
then the lensing effect exactly the same as that produced by Schwarzschild metric [24].
α(x0) = −2 ln(2x0
3
− 1)− 0.8056 (19)
For closest approach inside the wormhole’s mouth i.e. rm < x0 < a ( rm = throat radius
), the deflection angle is given by
αe = −2 ln(2a
3
− 1)− 0.8056 (20)
Now the contribution of the C-field wormhole metric ( interior metric ) is given by
I(x0) = 2
∫ a
x0
dx√
x2(1− x2m
x2
)(x
2
x2
0
− 1)
(21)
where x = r
2M
and xm =
√
D = throat radius .
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The above integral can be written as ( using y = x
x0
)
I(x0) = 2
∫ a
x0
1
dy√
y2(1− x2m
x2
0
y2
)(y2 − 1)
(22)
Now expanding around 1 in the square root term up to the second order in y, we have
I(x0) = 2
∫ a
x0
−1
0
dz√
Az +Bz2
≡ 2
∫ a
x0
−1
0
f(z, x0)dz (23)
where z = y − 1 and A = 2(1 − D
x2
0
) , B = (5 − D
x2
0
). If A = 0, then f(z, x0) diverges
as z → 0. In other words, for A = 0 , one can get the radius of the photon sphere as
xps = xm =
√
D. From the above integral, one can get the following exact analytic form
as
I(x0) =
2√
5− D
x2
0
ln[2
√√√√(5− Dx20 )2( ax0 − 1)2
4(1− D
x2
0
)2
+
(5− D
x2
0
)( a
x0
− 1)
2(1− D
x2
0
)
+
(5− D
x2
0
)( a
x0
− 1)
2(1− D
x2
0
)
+ 1]
(24)
Hence the total deflection for C-field wormhole is
αWH(x0) = αe + I(x0) (25)
Now, graphically, we compare the deflection angle of C-field wormhole with the deflection
of Schwarzschild. We assume wormhole’s mouth is at a = 2 AU and the throat is at
xm =
√
D = 1 AU . One can note that the curve due to C-field wormhole diverges exactly
at the wormhole’s throat x = xm =
√
D. Also one can see that the angles coincide outside
the wormhole’s mouth in both the cases.
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Figure 1: Deflection angle is a function of closest approach due to the C-field wormhole
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Figure 2: Schwarzschild deflection angle is a function of closest approach
4. Stability Analysis:
To study the stability, we match the interior C-field wormhole to the exterior Schwarzschild
solution at a junction interface S, situated outside the event horizon, a > rb = 2M , one
needs to use extrinsic curvature of S. The extrinsic curvature or second fundamental form
is defined as Kij = nµ;νe
µ
(i)e
ν
(j), where n
µ is the unit normal 4 - vector to S and eµ(i) are the
components of the holonomic basis vectors tangent to S. In general Kij is not continuous
across S. The discontinuity in the extrinsic curvature is defined by κij = K
+
ij −K−ij . Using
the Darmois-Israel formalism, we write Lanczos equations for the surface stress energy
tensors Sji at the junction interface S as [26-32]
S
j
i = −
1
8pi
[κji − δjiκkk] (26)
To analyze the dynamics of the wormhole, we permit the radius of the throat to become
a function of time, a 7→ a(τ).
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The non trivial components of the extrinsic curvature are given by
Kττ
+ =
M
a2
+ a¨√
1− 2M
a
+ a˙2
(27)
Kττ
− =
a¨− Da˙
a(a2−D)√
1− D
a2
+ a˙2
(28)
and
Kθθ
+
=
1
a
√
1− 2M
a
+ a˙2 (29)
Kθθ
−
=
1
a
√
1− D
a2
+ a˙2 (30)
[ we have taken the wormhole space time metric (10) and Schwarzschild solution ]
The surface energy tensor may be written in terms of the surface energy density σ and
the surface pressure p as Sji = dia(−σ, p, p).
Then from Lanczos equations, we get,
σ = − 1
4pia
[
√
1− 2M
a
+ a˙2 −
√
1− D
a2
+ a˙2] (31)
p =
1
8pia
[
1− M
a
+ a˙2 + aa¨√
1− 2M
a
+ a˙2
−
1− D
a2
+ a˙2 + aa¨− aDa˙2
(a3−D)√
1− D
a2
+ a˙2
] (32)
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Taking into account conservation identity Sij |i = [Tµνe
µ
(j)n
ν ]+− and using S
i
τ |i = −[σ˙ +
2a˙(σ+p)
a
], one gets,
σ′ = −2(σ + p)
a
+ E (33)
where
E =
1
4pia2
[
2D
a(a2 −D) ]
√
1− M
a
+ a˙2 (34)
Rearranging equation (31), one can get the thin shell’s equation of motion i.e. a˙2+V (a) =
0 with the potential is given by
V = 1 + A− B2 (35)
where
A = MD
a2C2
, C = 4pia2σ and B = 2piaσ +
M+ D
2a2
4pia2σ
.
Linearizing around a static solution situated at a0, one can get expand V(a) around a0 to
yield
V = V (a0) + V
′(a0)(a− a0) + 1
2
V ′′(a0)(a− a0)2 + 0[(a− a0)3] (36)
One can verify that at the static solution, a = a0, V (a0) = 0 and V
′(a0) = 0. From
V ′(a0) = 0, one can get an equlibrium relation as dAda |a0= 2BB′ |a0 [ see appendix for
exact analytical form ].
Hence the potential equation reduces to
V =
1
2
V ′′(a0)(a− a0)2 + 0[(a− a0)3] (37)
The solution is stable iff V(a) has a local minimum at a0. Then the stability condition is
V ′′(a0) > 0 i.e. A′′ |a0> 2B′2 |a0 +2B |a0 B′′ |a0 .
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Hence one gets the following expression for stability condition of the C-field wormhole as
P > F +R (38)
where P , F and R are given in the appendix.
Also, from (33), one can write,
η = −1 + a
2σ′
[
2
a2
(p+ σ) + E ′ − σ′′] (39)
where η = p
′
σ′
and this parameter
√
η is normally interpreted as the speed of sound [28].
Now we shall use η as a parametrization of the stable equilibrium, to show the stability
region graphically. To determine stability region of this solution we use, b(a0) > 2M i.e.
when σ < 0. Now we take r0 =
√
D > 2M, so that junction radius lies outside the event
horizon i.e. a0 > 2M . The junction radius lies in the following range 2M < a0 <
D
2M
.
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Figure 3: We define x0 =
a0
M
and choose
√
D
M
= 3. Here we plot η|(a=a0) V s. x0 for the
negative surface energy density. The stability region is given below the curve.
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5. Conclusion:
Since the collection of exotic matter is undoubtedly an extremely hard task, many Sci-
entists are given their attention to the alternative theories of gravity to obtain wormhole
structure. In this work, we have considered C-field theory to obtain wormhole space
time. Gravitational lensing seems to be an unique tool, on a theoretical ground, to detect
exotic objects in the Universe, that, though not yet observed. We have discussed the
gravitational lensing due to a C-field wormhole in the strong field limit. We have shown
that the deflection angle of the C-field wormhole is very similar to the Schwarzschild so-
lution. It has been shown that radius of the photon sphere is equal to the throat of the
C-field wormhole. From the graph, one can see that the deflection angle αWH, diverges
at the throat. Since we have matched the interior wormhole solution to the exterior
Schwarzschild solution across a surface, at r = a, the deflection angle due to the both the
cases should coincide. The graphs which have been depicted here support this. We have
also analyzed the C-field wormhole solution by matching an interior solution to exterior
Schwarzschild space time, at a junction surface. We have explained the stability of the
spherically symmetric shell to linearized perturbation about static equilibrium solution.
We have provided an exact analytical expression for stability of the C-field wormhole (
see equation (38)). For a lot of useful information, we have shown the stability region
graphically. We have calculated the range where the junction radius would lie and have
shown that stability region may be increased by increasing the wormhole throat.
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Appendix
σ0 = − 14pia0 [
√
1− 2M
a0
−
√
1− D
a2
0
]
σ′0 =
1
4pia2
0
[
1− 3M
a0q
1− 2M
a0
−
1− 2D
a2
0r
1− D
a2
0
]
σ′′0 =
1
4pia2
0
[
3M
a2
0q
1− 2M
a0
− M
a2
0
(1− 3M
a0
)
(1− 2M
a0
)
3
2
−
4D
a3
0r
1− D
a2
0
+ D
a3
0
(1− 2D
a2
0
)
(1− D
a2
0
)
3
2
]− 1
2pia3
0
[
(1− 3M
a0
)q
1− 2M
a0
−
(1− 2D
a2
0
)r
1− D
a2
0
]
[dA
da
]a=a0 = − MD8pi2σ2
0
a4
0
− MD(2σ0+a0σ′0)
8pi2σ3
0
a7
0
[dB
da
]a=a0 = 2piσ0 + 2pia0σ
′
0 − D8piσ0a50 − (8piσ0a0 + 4pia
2
0σ
′
0)
(M+ D
2a0
)
(4piσ0a20)
2
P =
4MD
a3
0
(4piσ0a20)
2 +
8MD
a2
0
(8pia0σ0+4piσ′0a
2
0
)
(4piσ0a20)
3 − 4MDa0
(8piσ0+16pia0σ′0+4pia
2
0
σ′′
0
)
(4piσ0a20)
3 +
12MD
a0
(8piσ0a0+4pia20σ
′
0
)2
(4piσ0a20)
4
F = 2[2piσ0 + 2pia0σ
′
0 − D8piσ0a50 − (8piσ0a0 + 4pia
2
0σ
′
0)
(M+ D
2a0
)
(4piσ0a20)
2 ]
2
R = 2[2pia0σ0 +
M+ D
2a2
0
4pia2σ0
][4piσ′0 + 2pia0σ
′′
0 +
2D
8piσ0a50
+
D(8piσ0a0+4pia20σ
′
0
)
2a2
0
(4piσ0a20)
2 −
(M+ D
2a0
)
(4piσ0a20)
2 [8piσ0 +
16pia0σ
′
0 + 4pia
2
0σ
′′
0 ] +
2(M+ D
2a0
)
(4piσ0a20)
3 [8piσ0a0 + 4pia
2
0σ
′
0]
2]
The stability condition is P > R + F i.e. if
4MD
a3
0
(4piσ0a20)
2 +
8MD
a2
0
(8pia0σ0+4piσ′0a
2
0
)
(4piσ0a20)
3 − 4MDa0
(8piσ0+16pia0σ′0+4pia
2
0
σ′′
0
)
(4piσ0a20)
3 +
12MD
a0
(8piσ0a0+4pia20σ
′
0
)2
(4piσ0a20)
4 >
2[2piσ0+2pia0σ
′
0− D8piσ0a50−(8piσ0a0+4pia
2
0σ
′
0)
(M+ D
2a0
)
(4piσ0a20)
2 ]
2+2[2pia0σ0+
M+ D
2a2
0
4pia2σ0
][4piσ′0+2pia0σ
′′
0+
2D
8piσ0a50
+
D(8piσ0a0+4pia20σ
′
0
)
2a2
0
(4piσ0a20)
2 −
(M+ D
2a0
)
(4piσ0a20)
2 [8piσ0+16pia0σ
′
0+4pia
2
0σ
′′
0 ]+
2(M+ D
2a0
)
(4piσ0a20)
3 [8piσ0a0+4pia
2
0σ
′
0]
2]
The equilibrium relation is dA
da
|a0 −2BB′ |a0= 0 i.e. if
2(2pia0σ0 +
M+ D
2a2
0
4pia2
0
σ0
)(2piσ0 + 2pia0σ
′
0 − D8piσ0a50 − (8piσ0a0 + 4pia
2
0σ
′
0)
(M+ D
2a0
)
(4piσ0a20)
2 ) +
MD
8pi2σ2
0
a4
0
+
MD(2σ0+a0σ′0)
8pi2σ3
0
a7
0
= 0
The values of σ0, σ
′
0 and σ
′′
0 are given above.
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